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Chapter 6

Minimizing Errors in the Estimate Introduced by
Signals and Systems
The estimate of the slope parameter of the RDT of the log-power spectrum has been shown

to be unbiased with a variance that is dependent on data length.  Consideration has been

given only to the parameter estimate in terms of the measurement process using an ideal

model.   This chapter is concerned with the identification and minimization of a number of

uncorrelated errors that exhibit themselves in the form of bias and increased variance that

may be introduced into the estimation process from a number of independent sources.  The

sources of error are described in the following sections and may be classified as:

·  Time-domain segmentation. (section 6.2)

·  Short term acoustic signal contamination. (section 6.3)

·  Long term acoustic signal contamination. (section 6.4)

·  Intra-recorder and inter-recorder variance. (section 6.5)

·  Low recording levels. (section 6.6)

·  Aliasing. (section 6.7)

Investigations into the sources of errors have been conducted with the aim of providing an

understanding of the underlying phenomena, the extent of the effects on the estimates and

where possible, solutions to reduce the effects.

6.1  Combining Uncertainties

The variance in the measurement of the slope parameter has been discussed in subsection

5.6.5 and the equation for this is repeated here (6.1).  This equation represents the

uncertainty in the estimated slope value due to the measurement process alone.
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There are other factors that contribute to the overall uncertainty in the slope

estimate: acoustic spectra that do not fit the ideal model, intra-recorder and inter-recorder

variance and additional variance introduced by a copying process.  It is assumed that the

sources of these uncertainties are uncorrelated and independent of each other.  It is clear

therefore that any final slope-variance will still be based on (6.1) with the denominator

remaining a constant and the numerator having further parameters of variance added to

account for the different sources of uncertainty.  The total slope-variance 2
1{ }Ts b will then

be given by:
2 2 2 2 2

2
1    { }

D
A a x s c

T

s s s sss b + + + +
= (6.2)

The sum of the components in the numerator1 represents the total variance attributable to

each spectral coefficient.  The denominatorD acts to scale this variance, making it

proportional to the product of the sum of the squares of the frequency transform points and

the number of averages.  The true values of the variance parameters, apart from the

measurement variance 2As  and possibly the variance due to copying are not known and

have to be estimated by taking repeated samples of slope values.  The sample estimates of

the variance parameters will therefore have the true variance value2s replaced by the

sample variance 2s , and (6.2) becomes:
2 2 2 2 2
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Equation (6.3) represents the total uncertainty in estimating the slope value.

                                                          
1 Dependent on what type of variances need to be taken into account for a particular situation
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6.2  The Effects of Data Truncation on the Spectral Estimate

A limitation in using the FFT to estimate the frequency spectrum of the recording is that in

practice the recorded signal can only be acquired for a limited time.  As described in

chapter 5, when calculating the RDT, the recorded data sequence is first split into smaller

segments and a periodogram based on the FFT is formed from the data in each segment.

This truncation in the time-domain results in an observation interval of N.T seconds long,

where N is the number of uniformly spaced samples of the associated signal and T is the

time interval between successive samples, given by1.fs-  The observation window w due to

truncation is defined as:

[ ] 1  when  0   else  [ ] 0w n n N w n= £ £ =

Truncation results in components from the basis set that are not periodic in the observation

window, a discontinuity then occurs at the boundary of the window.  This discontinuity

contributes spectral components known as leakage across the entire basis set [134].  In the

time-domain, the segmentation of the data ( )g t can be considered as the data in each

segment multiplied by a rectangular window function( )w t of the same length as the

segmented data.  In the frequency-domain, this is equivalent to the Fourier transform of the

segment of data ( )G jw  convolved with the Fourier transform of the window

function ( )W jw .

( ) ( )( ) ( ) j W jg t w t G w w*´ º

The convolution in the frequency-domain results in a spread of spectral energy that is

related to the true spectral data.  The magnitude of the Fourier transform of the rectangular

window can be described by [133 p446]:

sin( 2
( )

sin( 2)
R

N
W j

w
w

w
=

The spread of spectral energy described by this function and shown in fig 6.1 can produce

a bias in the spectral estimate or even total masking of lower level spectral components.  In

an attempt to reduce these effects, tapered weighting windows are often applied to the data

in the time-domain.  Tapered weighting window functions are designed to bring the time

domain data smoothly down to zero at the boundary of the observation interval.  The

reasons for, and effects of the application of weighting windows have been well-

documented [134], [151].

This section describes how the spread of spectral energy by window functions can

produce a bias in the envelope shape of the spectrum, that in turn would produce a bias in
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the final RDT slope estimation.  An optimum window weighting function has been sought

for the application, and it has been found that, providing high-pass filtering is applied to

the entire data set prior to truncation, the unweighted or rectangular window function

produces the best result.

6.2.1  Window Weighting Functions

If the true power of a spectral component is concentrated into a small bandwidth, then the

convolution of the weighting window with the spectral component will spread its power

out into adjacent frequency regions and beyond.  The spreading or leakage can then be

controlled by a particular window type but always at the expense of increasing the

bandwidth of the main-lobe of the filtering function of the FFT.  The main-lobe is defined

as the region between the first zero crossing points on each side of the centre frequency.

The magnitude response is shown for five different weighting windows in fig 6.1.

The rectangular window has the narrowest main-lobe and therefore for a given data size

produces the best frequency discrimination between adjacent frequency components.  The

downside to having the best frequency discrimination is that the rectangular window has

the greatest energy contained within the side-lobes and therefore produces worst case

leakage.  Other windowing functions allow a trade-off between frequency discrimination

and leakage effects.  Harris [134] suggests that there are two indicators of how well a

window suppresses leakage; one is to compare the peak to peak side lobe level with that of

the main-lobe and the other is to establish the asymptotic fall off rate of the side-lobes.

The fundamental problem at the heart of spectral estimation is that the product of

time and bandwidth is a constant.  This implies that for a specific data size N, you cannot

simultaneously improve the statistical stability in terms of the mean and variance and

improve the resolving power.  Bingham et al point out that there is a need to balance the

requirement of bandwidth of a spectral estimate against that of statistical stability:

Fig 6.1:  Using a 32 point FFT, the magnitude
response of 5 common weighting windows
are shown. (The Kaiser parameters are set to
produce a first side-lobe level of >90 dB
down on main-lobe)
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“The most frequent situation will call for both reasonable care in
preserving statistical stability and reasonable care in avoiding leakage
troubles…….  Some such data windows appears to be the natural way to
have and eat as much of our cake as possible – to combine statistical
stability of sums with low leakage for individual terms.” [152]

Forensic audio recordings potentially offer large amounts of data for spectral estimation

and this allows significant freedom when making decisions affecting resolution and

statistical stability.

6.2.2  The Requirement to Apply a Weighting Window

The requirement was to produce an estimation of spectral components over a finite section

of the spectrum near to the Nyquist limit.  Frequency components found in this region will

have been attenuated by the low-pass response of the digital audio recording device.  The

detection of the effects of this low-pass process has been of primary interest.  The

recording model was based on the assumption that the spectral ROI will predominantly

contain frequency components consisting of electronic noise generated from the input

signal conditioning circuitry.  At best this noise level could be as much as 30 dB above the

digital noise floor produced by the conversion process i.e. quantisation noise.  The level in

practice is dependent on input gain settings and make and model of recording device.  The

truncation of a high level acoustic signal, even when at low frequency, will result in a

continuum of frequencies spread across the entire frequency band, and could potentially

bias or totally mask the frequency ROI.  An example of this is shown in fig 6.2, where an

averaged power spectrum has been produced using a rectangular window and a Hanning

tapered window.  The signal consisted of a high level tone with a fundamental component

of 1 kHz that had been recorded on to a portable digital recording machine sampled at a

32 kHz rate1.  The spectral estimations were produced using a 1024 point FFT averaged

over 160 transforms.  The results show two significant points:

1. The ROI starting at around 15 kHz is clearly seen to drop off towards the

Nyquist limit at 16 kHz using the Hanning window.  The rectangular window

has totally missed this important spectral feature due to high levels of wide-

band leakage swamping the true spectrum.

2. The detailed harmonic structure and signal conditioning noise floor extending

upwards from 1 kHz has been biased by the leakage from the rectangular

                                                          
1 A 1 kHz signal for the sample rate and transform size used, does not represent the worst case condition for
leakage; worst case is n+0.5 cycles between the observation window, the example has only n+0.125 cycles.
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Fig 6.2:  When unweighted, the 1 KHz tone
has masked the lower level harmonics and
the ROI between 15-16 kHz.  The Hanning
window reveals all the spectral detail.

Rectangular window
Hanning window

window obscuring the true spectral structure.

It is evident from this simple demonstration, that without a tapered weighting window,

high level spectral components occurring far away from the frequency ROI produce

leakage spectra that can totally mask this region, making any analysis useless.  Table 6.1

shows the differences between the parameters discussed relating to the two windows used

for the above example [134].

Highest Side-Lobe
Level (dB)

Sidelobe Fall Off Rate
(dB/OCT)

3.0 dB Bandwidth
fs/K (BINS)

Rectangular -13 -6 0.89
Hanning -32 -18 1.44

For the Hanning window, the first side-lobe is 19 dB lower than for the rectangular

window, and its asymptotic roll off rate is 12 dB/octave greater than for the rectangular

window.  However, its main-lobe bandwidth is 60% wider than for the same parameters of

the rectangular window and indicates poorer resolution.  It can be seen that the Hanning

side-lobe level and fall off rate are responsible for keeping the leakage below the spectral

ROI in fig 6.2.  This example highlights the benefits of applying a weighted window prior

to forming the spectral estimate.

A forensic recording is likely to contain high levels of non-stationary acoustic

spectral components below the frequency ROI.  As an interfering spectral component

becomes nearer to the ROI, it will become increasingly difficult for a weighting window to

reduce leakage entering into this band.  This suggests that filtering out unwanted signals

that are outside the ROI would be advantageous for reducing the effects of leakage.  In

practice, the application of a high-pass filter to the complete data sequence before

truncation, having a cut off frequency and rapid attenuation just below the start of the ROI,

ensures that spectral components generated before this cut off point will be significantly

reduced and therefore will not contribute leakage into the ROI.  The effects of applying a

Table 6.1:  Parameter comparisons for Rectangular and Hanning windows.
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250th order FIR high-pass filter with a cut off frequency of 14.8 kHz, to the same data as

used for the windowing example (fig 6.2) are shown in the averaged power spectral

estimation for the ROI of 15 kHz to 15.6 kHz, fig 6.3.  The unfiltered data has produced

significant leakage that has almost totally masked the spectral detail and trend across the

ROI.  This detail can be clearly seen in the high-pass version.

It may be concluded that if the leakage from outside of the ROI is negligible due to the

application of a high-pass filter, and the ROI is relatively narrow having a high starting

frequency, the requirements from the weighting window will be greatly reduced.

6.2.3  Main-Lobe and Side-Lobe Behaviour

The main-lobe width represents a spreading or smearing of spectral energy out from the

peak at each transform point due to the convolution of the window with each spectral

point.  As discussed in chapter 4, the ROI that is to be estimated, includes the region

representing the knee of the low-pass function up to the point where the roll off encounters

either the digital noise floor or the Nyquist limit.  This region represents the response of

the low-pass filters in the recording system and should have steep attenuation between the

pass and stop-bands [82].

The resolution or bandwidth of the main-lobe of a particular window is given by:

sf
f

N
x � �

� �
� �

D = (6.4)

Where fs is the sampling or Nyquist rate, N is the number of time-domain samples used for

the Fourier transform, and x  is the coefficient reflecting the bandwidth increase due to a

particular window type [134].  For the rectangular window 1,x =  for other windows 1x > .

For windows in general, as N increases all lobe-widths decrease proportionally, the

side-lobe numbers increase proportionally, and the ratio of main-lobe amplitude level to 1st

Unfiltered
High-pass filtered

Fig 6.3:  Over the ROI the unfiltered data has
caused almost total masking of spectral
components.  The prior application of a high-
pass filter reveals the spectral detail. (1024 point
power spectrum averaged over 234 transforms)
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side-lobe amplitude level remains constant as does the rate of the change of side-lobe

amplitude level for a change in frequency.  Therefore, for a particular frequency, windows

having side-lobes that decrease away from the main-lobe, have a relatively lower side-lobe

amplitude level for increasing data lengths as demonstrated by fig 6.4.

Leakage can be understood by considering a pure sinewave of period T and a

rectangular window representing the observation interval of length N tD , where N is the

number of samples andtD is the time between samples.  The best case condition for

minimum leakage is found when T  is an exact integer number of periods within the

duration of the observation interval.  In the frequency-domain, this condition results in the

sinewave of frequency 1 ,mf T=  having exact coincidence with an FFT transform point m

on its basis vector.  Only under this condition is the leakage zero.  This is shown by the

blue trace of fig 6.5, where the main-lobe is situated coincident with ,mf and all side-lobe

null points are also coincident with the FFT transform points along the basis vector,

producing zero leakage at other transform points.  The worst case condition for leakage is

where the sinewave is not an exact integer of the observation interval but produces a

frequency f, that is half way between two transform points, 2mf f fs N= ± .  This

condition is shown by the red trace of fig 6.5, where the main-lobe is situated between two

transform points on the basis vector and all side-lobe peaks are now coincident with other

FFT transform points producing maximum leakage.

When estimating smooth responses that have originated from a white noise source,

there is an equal probability of frequencies occurring within the spectral ROI.  A small

number of frequencies will produce minimum leakage power and a small number of

frequencies will produce maximum leakage power, the vast majority of frequencies

producing leakage power somewhere in between.  It can be concluded that side-lobe

leakage levels on average will be lower than peak side-lobe levels given for any particular

window type.

Fig 6.4:  Response of the rectangular window
shown for a range of data lengths.  As the data
length increases the main-lobe width decreases
increasing the resolution. For a particular
frequency, relative side-lobe amplitude levels
are lower for higher data lengths.
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6.2.4  Selection of an Optimum Window for the Application

In this section spectral estimations of a known low-pass filter response have been

compared using three different window functions.  The windows chosen are rectangular,

Hamming and Kaiser with their specifications shown in table 6.2.  The Kaiser window has

an adjustable parameter that affects its side-lobe level and has been set for a 1st side-lobe

attenuation of  >90 dB on the main-lobe.  The windows have been chosen to provide

narrow, medium and wide main-lobe widths along with the associated high medium and

low side-lobe levels respectively.

Highest Side Lobe
Level (dB)

Sidelobe Fall Off Rate
(dB/OCT)

3.0 dB Bandwidth
fs/K (BINS)

Rectangular -13 -6 0.89
Hamming -43 -6 1.3
Kaiser >-90 -6 2»

The filter chosen for the experiment was an FIR low-pass type, having a cut off frequency

of 0.975 of the 16 kHz Nyquist limit and a filter order of 250 which provided very steep

attenuation outside of its pass-band.  It should be noted that the filter attenuation

characteristics are more severe than would be encountered in practice, but were chosen to

highlight window weaknesses.  As the starting frequency of the chosen spectral ROI is

high (15 kHz), and the bandwidth is relatively small (1 kHz), the asymptotic fall off rate of

the side-lobes have little effect and is therefore not considered to be a parameter that has

any influence in the choice of a suitable window type.

For each window, the estimation has been carried out with an averaged

periodogram using a 120-second sample of Gaussian time domain noise filtered as

described.  Fig 6.6 shows the estimates for a 1024-point FFT transform and fig 6.7 shows

Table 6.2

dB

Fig 6.5:  Examples of best and worst
case leakage conditions for a single
truncated sinewave.  Blue trace
shows a frequency representation of
a sinewave having the exact
frequency of transform point mf
(best case of no leakage).  Red trace
showing a sinewave of frequency
exactly between two transform
points: mf  and 1mf +  (worst case
maximum leakage).

Worst caseBest case

Transform points of the frequency transform

mf 1mf + 2mf + 3mf + 4mf + 5mf + 6mf +1mf -2mf -3mf -4mf -5mf -6mf -
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the estimates for a 32768-point FFT transform.  Also shown in each figure for comparison

purposes is the true response of the filter.

Figure 6.7 indicates that the 32k point transform produces the best estimates for all the

applied windows when compared to the lower transform size.  The Kaiser window for the

32k transform is almost hidden behind the true response showing that it has produced a

very good estimate of the whole filter response including the much lower level filter side-

lobes, a result of the low magnitude of the window’s own side-lobes.  The Kaiser

struggles to follow the filter’s response for the 1k point transform in fig 6.6 due to its wide-

main-lobe width, causing bias in the estimate as it diverges from filter regions that have a

high rate of change of attenuation.  Apart from the 1k point Kaiser estimate, the bias

introduced in other estimates are predominantly caused by leakage introduced by the side-

lobes.  From figs 6.6 and 6.7, it can be seen that all responses follow the true spectrum to

varying degrees and the results from a visual examination are summarised in table 6.3.

1024 point data transform 32768 point data transform
Rectangular Side-lobe leakage biases response

below approximately –5 dB
Side-lobe leakage biases response
below approximately –30 dB

Hamming Side-lobe leakage biases response
below approximately –10 dB

Side-lobe leakage biases response
below approximately –50 dB

Kaiser Main-lobe width biases response
below approximately –10 dB

Good overall estimate of complete
response

6.2.5  Optimum Window Function

The previous subsection indicates that increasing the data size of the transform produces a

reduction in the bias of the estimate.  Increasing the data size N reduces the bandwidth of

the window, where in the limit its spectral form becomes an impulse, making the

True response
Rectangular
Hamming
Kaiser

True response
Rectangular
Hamming
Kaiser

Fig 6.6:  Spectral estimates over the ROI of the
filter response using a 1024 point transform.

Fig 6.7:  Spectral estimates over the ROI of the
filter response using a 32768 point transform.

Table 6.3
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periodogram an asymptotically unbiased estimator.  Therefore, having a high enough data

size N can, for all practical purposes eliminate any bias in the spectral envelope caused by

smearing/leakage.  

The results have shown that at a transform size of 32 kHz, the Kaiser weighting

provides a good estimate of the overall response.  Figure 6.7 shows that the rectangular

window provides a good estimate as far down as –30 dB on the passband and this is better

than required for the application.  It will be shown empirically in chapter 7 that the

rectangular window is optimum for the application, in the sense that it provides the

minimum mean squared error in the estimate for all windows over a ROI.  This is provided

that a high-pass filter is applied to eliminate leakage from outside of the ROI as previously

discussed in subsection 6.2.2.  The overall conclusion is that the rectangular window is the

most suitable data window for the estimation of the log of the psd of a low-pass system

response for a relatively narrow spectral ROI near to the Nyquist limit.

6.3  Minimizing the Effects of Short Term Signal Contamination

The spectral data used to estimate the RDT slope may be contaminated by extraneous

acoustic and electronic events that have not decayed far enough before reaching the ROI.

Different techniques for processing the recordings can accentuate or attenuate the effects of

these spectral contaminants.  This section examines how different averaging processes

respond to contaminants and proposes the use of a specific technique that has beneficial

properties over the more traditional approach based on arithmetic averaging.

The discussion is concerned with the robust estimation of the average power level

of a single Fourier coefficient representing a specific point in the frequency spectrum over

the ROI.  The behavior of individual Fourier transform points that have consistent

properties across the sample will be referred to as the ‘null model’.  Alternatively, data that

includes corruption of the recording by temporary or burst type signals having spectral

energy that extends into the ROI, will be referred to as the ‘contamination model’.  Under

contamination conditions, the spectral estimate for a particular Fourier coefficient can be in

error and the expected distribution may contain outlier values2.

Averaging is performed to reduce the variance in the periodogram, however it was

                                                          
2 The definition of the term ‘outlier’ is an observation sufficiently far afield from the bulk of the data that its
membership of the underlying population comes into question. i.e. having a high intensity and a low
frequency of occurrence compared to the noise of interest.
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shown in section 5.6 that the variance in the slope estimate depends only on overall data

size, so averaging is therefore not strictly necessary.  In this section, non-linear averaging

will be shown to be an essential requirement, in order to minimize bias and variance

introduced in the estimate as the result of temporary spectral components corrupting the

ROI.  These temporary violations of the model are usually the result of high energy, high

frequency acoustic signals.

By comparing a number of common averaging methods, it will be shown that when

the assumption made about the stationarity of the noise used for the model is violated, non-

linear averaging techniques based on the logarithm of the geometric mean can significantly

reduce the bias in individual spectral coefficients.  Under conditions of contamination, this

reduces the statistical variance between spectral coefficients making up the overall

estimate, at a cost of a small increase in variance when the null model is valid.

The performance of the logarithm of the geometric mean is then compared in detail

to the performance of the more traditional logarithm of arithmetic mean for both null and

contamination models.  The subsequent RDT transform is also investigated using null and

contamination models.

6.3.1  Effects of Burst Noise on the Null Model

The recording may contain corrupting data that contains spectral energy falling within the

ROI, originating from a wide range of acoustic or electrical sources.  Acoustic sources

close to the microphone or recorders set to a high recording level can be particularly

problematic as spectral components may not have decayed to the signal conditioning noise

floor before reaching the spectral ROI.

Primarily, forensic recordings are aimed at capturing speech.  In meeting this

requirement all manner of acoustic and electronic signals may also be recorded along with

the target speech.  The null model is based on speech energy falling significantly as

frequency increases, leaving only signal conditioning noise over the spectral ROI.  A

speech signal will therefore not normally be considered as an interfering source, but it is

expected that high energy, high frequency sibilance may occasionally reach the ROI.  This

problem increases as the sampling rate of the recording is reduced.

Time-domain burst noise may contain ‘short term’ correlated components resulting

in discrete spectra.  Some examples regularly encountered in a forensic environment:

·  Car horns: high levels of short term harmonically related tones.

·  Brake squeals: high frequency tones.
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·  High frequency music components: discrete spectra changing in both amplitude

and frequency structure.

·  Machinery/motor noise: wide-band multiple frequency discrete spectral

components.

Time domain burst noise may also produce continuously distributed spectra.  Some

examples regularly encountered in a forensic environment:

·  Physical contact with microphone.  For example contact of clothing with the casing

of a covertly secreted body microphone: high energy wide-band uncorrelated noise.

·  High-energy speech sibilance components: extensive spread of high frequency

energy.

·  Induced electrical clicks from nearby electrical equipment or within the recorder

itself: peaky short time-domain waveform, causing wide-band spectral energy.

·  Crackling sounds caused by faulty electrical connection from the recorder to the

microphone:  peaky short time-domain waveforms, causing wide-band spectral

energy.

·  Airborne acoustic noises (percussive noise sources):  spread of high level spectral

energy.

·  Wind noise: high energy wide-band uncorrelated spectra.

·  Variance changes of electronic noise levels due to automatic gain control action of

the recorder: same spectral distribution but with changing energy levels.  Here the

electronic noise can no longer be considered stationary.

·  Clipping due to high gain or large signals causing digital overload: wide-band

spectral energy.

Three examples of acoustic signals reaching the ROI are illustrated in figs 6.8 to 6.10.

Each example is displayed in the time-domain and also as a spectrogram, showing time on

X axis, frequency on Y axis and decibel amplitude as colour intensity.  Both the time and

spectrographic displays are plotted over the same time base.  The blue areas in the

spectrograms correspond to the base noise levels of the recording.  It should be noted that

leakage components have effectively been eliminated in the spectrographic displays due to

the application of a Kaiser weighting window, producing side-lobes below 90 dB of the

main-lobe magnitude.  This has ensured that the high frequency spectral energy shown in

the figures is due to the signal and not the effects of spectral leakage.  Fig 6.8 shows a 2.7

second segment of speech, where some of the spectral components can be seen to extend

right up to the Nyquist limit of 16 kHz.  These components correspond to high-energy
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sibilance within the speech sequence and are found to be approximately 40 dB below the

peak levels of the lower frequency voiced speech.  Fig 6.9 identifies the effects of

percussive noise produced by cutlery at a dinner table, which has produced three main

peaks in the display.  These three isolated events in time produce a spread of high level

spectral energy throughout the frequency band.  Fig 6.10 shows two consecutive car horn

soundings and is an example of burst noise containing correlated components, consisting

of a series of discrete frequencies across the frequency region.  To varying degrees, data

containing continuous spectra over the spectral ROI are present in almost every sample of

recording found in the forensic environment.  Discrete type spectra found over the ROI are

present to a far lesser extent, and can often be selectively excluded when taking a sample

section of recording for analysis.

In summary, the model may become inaccurate due to various forms of time

domain burst noise having an unknown probability distribution contaminating the ROI.

The FFT of many of the segments over the ROI may therefore contain contaminants in

some or all of the spectral coefficients and will be biased from the null model.  The energy

of the corrupting noise may be extremely large but the probability of occurrence may be

very small when compared with the signal conditioning noise that is of interest.

6.3.2  Robust and Efficient Estimation of the Central Location of the Data

This section reports on a method to establish a robust and efficient estimator for the central

location of the data after it has been contaminated by burst noise as discussed in the

Fig 6.10:  Discrete wide-
band tones from car horn.

Fig 6.9:  Recording of
percussive cutlery sounds.

Fig 6.8:  High level
speech recording.
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previous section.  Establishing a measure of central location or average value for

continuous data can be loosely defined as finding a value that is the ‘most representative’

of the overall distribution of the data.  Two important properties are desired of the mean

estimator: efficiency in the sense of having a small mean square error, and robustness, in

the sense of having a low sensitivity to outliers.  A trade off can be made between

resistance to outliers and efficiency under null conditions, i.e. when there are no outliers.

As shown in section 5.5, under null conditions the derived noise model of the

power spectrum for individual Fourier coefficients over the ROI produces an exponential

distribution.  The arithmetic mean is the maximum likelihood estimator (MLE) of the

exponential distribution and it is an efficient estimator producing a uniformly minimal

mean squared error estimate [153].  However, in the presence of outliers the arithmetic

mean will be shown to be non-robust.

If the simplifying assumptions made for the null model become invalid due to high

frequency burst noise, the estimate will be biased.  Therefore, an estimation process for the

mean value of the data is required that reduces the bias due the presence of burst noise

contamination.  Ideally, the estimator should trade a small amount of efficiency for a

significant amount of robustness.  It is reasonable to assume that the contaminating noise

bursts will have a lower probability of occurrence when compared to the signal

conditioning noise.

The purpose of a robust estimator is to establish a balance, behaving like the mean

for null data, but suppressing the effects of outliers when confronted with contaminated

distributions.  A common indicator of the robustness of an estimator is the breakdown

point (BP).  The BP is defined by Serfling as:

“The largest proportion of sample observations which may be given
arbitrary values without taking the estimator to a limit uninformative about
the parameter being estimated.”  [154]

The least squares estimate or arithmetic mean has a BP of 1/ K where K is the total number

of individual estimates at a particular frequency, and is equal to the number of Fourier

transforms.  When K ® ¥  this estimator has a BP of zero, and is true for all estimators

that put positive weights on all the observed data.  One outlier can force the mean to take a

value arbitrarily far from the true mean.  In recent statistical literature, estimators that have

a zero BP are usually classed as non-robust because they are non-robust to upper outliers

[154-156].  However, a digital recording system has a well-defined upper bound to the

achievable signal level.  Outlier magnitudes will therefore also be bounded and produce

manageable outlier values.  Unbounded upper outliers will not be considered and
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robustness will be taken to mean that the sensitivity of the estimator to upper data points is

held within judicious limits.  Using bounded outliers Brazauskas and Serfling [157] point

out that lower contamination is seen to modify the maximum likelihood estimator less

severely.

Theoretically and experimentally, consideration has been given to a maximum

contamination of the data set of 100%, i.e. a data set where all elements are corrupted

having a probability of contamination of one.  Using real data sets the probability of

contamination occurring would be expected to be significantly less than 0.5.  Therefore, all

contaminated data sets will contain useful information and the task is to find an estimator

for the mean that is robust to outliers as defined above and at the same time is relatively

efficient.  Relative efficiency is defined here as the ratio of the variance of the optimum

estimator under null conditions, to that of the variance of the robust estimator under null

conditions.

Many measures of central tendency have been developed.  The three most common

are the arithmetic mean described earlier, the median, which is a middle value within a

range of values, and the mode which in a class interval is the value that occurs most often

i.e. the peak of a probability distribution.

As stated earlier, in the presence of outlier values the sample arithmetic mean may

become unrepresentative as an estimator of central tendency.  For the same reason, this is

also true of the arithmetic mean when estimating distributions with a high degree of

skewness.  The median is little affected by outliers since outlier values are simply data

values larger than the median.  The median therefore has a high breakdown point, but is

awkward to calculate and robustness comes at the price of low efficiency.  With a uni-

modal symmetrical distribution the arithmetic mean, median and the mode have the same

value.  For asymmetric data the sample arithmetic mean and the sample median, estimate

different expected values.  The mode has no natural estimator [158].

Error Criteria for the Mean Estimates of the power spectrum

A method was required to establish the relative contribution of outlier values to the mean

of a data sample representing a power spectrum frequency coefficient.  The problem can be

stated by using the following simple model [159]; for a set of data values kQ where kZ are

zero mean noise components and m is the mean:

k kQ Z m= + (6.5)

The requirement is to find an estimator m̂ of m in (6.5) that will minimise the total error:
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Table 6.4:  Means and associated error criteria.

( ) ( )
1

ˆ,    where  ,  is an error function
K

k k
k

f Q f Qm me
=

= �

The least mean squares error criterion resulting in the arithmetic mean operation is usually

used for mathematical convenience, Streets states:

“An ‘optimum’ system is optimum to the specified performance criterion.  If
the criterion is not appropriate to the problem at hand, then the optimum
system is of questionable value”. [160]

Error criteria analysis can be used as an indicator of the robust behavior of a mean

estimator.  This will be demonstrated for the arithmetic and median methods and two non-

linear methods known as the harmonic mean and geometric mean. The derived error

criteria for each averaging method are presented in table 6.4.  Well known error criteria

such as the mean square error (6.6) and the mean absolute error (6.7), [103 pp261-264], result

in the arithmetic mean error criterionAe  and the median error criterionMede respectively.

Suitable error criteria for the non-linear harmonicHe and geometricGe  means have been

derived by Li et al [159] and are given by (6.8) and (6.9) respectively.
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Error Criteria for the Mean Estimates of the Log of the Power Spectrum

The RDT requires the power spectrum to be transformed logarithmically, therefore, before

assessment of their robustness, the mean and associated error criteria have also been

converted logarithmically.  Table 6.5 shows the logarithmically transformed results.
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Table 6.5: Logarithm of means and associated error criteria.
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From the error criteria given by (6.14) to (6.17) the individual error magnitudes for the

arithmetic, median, harmonic and geometric averaging methods are shown in the error

graphs of fig 6.11.

For ease of comparison, the errors have been calculated with a common mean value.  The

change in spectral power level due to contamination will always be positive and from the

graphs it can be seen that data values for the log of median, log of harmonic and log of

geometric processes that are far above the location value L, make significantly less

contribution to producing the overall error e  than the log of arithmetic estimate.

Therefore, the error graph indicates that for the means investigated, the log of median, log

Fig 6.11: As data values increase away from the
mean value, the error for the log of arithmetic
method increases at a significantly greater rate
than that of the logs of the median, harmonic and
geometric methods.
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of harmonic and log of geometric means are less sensitive to contaminated data values than

the log of arithmetic mean.

Modeling the Effects of Contamination

Another method for studying the robustness of an estimator is to evaluate its performance

using a contamination model.  A reasonable model for outliers in data, is the contamination

model having a pdf of ( )p Q¢  based on that of Willemain et al [161].  The model is used to

determine the effects on the mean of the arithmetic, harmonic and geometric methods, after

varying the probability of contamination.  It has been shown in section 5.5 that a Fourier

coefficient of the power spectrum has an exponential distribution with a mean of value of

22 ,fts  representing the power in the signal for the null model.  The contamination will also

be modelled as exponential having a contamination signal power 2g  where 2 22 ftg s> .

The contamination model is produced from data values that are generated by sampling

from an outlier pdf 2( )p Q g  with a probability of P and a pdf for the null data

2( 2 )ftp Q s with a probability 1- R :

2 2( ) (1 ) ( 2 ) ( )ftp Q p Q p Q gs¢ = - R × + R× (6.20)

Using the contamination model, the arithmetic (6.10), harmonic (6.12) and

geometric (6.13) means are produced from the sum of the individual means of the null and

contaminated probability densities, having first been weighted by their associated

probability values.  Table 6.6 shows the equations for these contaminated models along

with logarithmically transformed versions.

Contamination model Log transformed contamination model

 Arithmetic ( ) 2 21 P 2 PA ftc gs= - × + × ( ) 2 2ln 1 P 2 PLA ftc gs� 	= - × + ×� 


 Harmonic

2 2

1
1 P P
2

H

ft

c

gs

=
-

+

2 2

1
ln

1 P P
2

LH

ft

c

gs

� �
� �
� �=

-� �+� �
� �

 Geometric ( ) ( )2 21 P ln2 P lnft

G

g
c e

s� 	

 �� 


- + ×
= ( ) ( )2 21 P ln 2 P lnLG ftc gs= - + ×

Using a signal power 22 fts  of 4 and a contamination power 2g  of 400, graphs of the results

Table 6.6:  Equations for means produced from the contamination models.
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for the means of the log of arithmetic, harmonic and geometric contamination models are

shown in fig 6.12; ranging from probabilities of contamination of zero to one.  When there

is zero probability of contamination the mean value is simply 22( )log
fte s  for all averaging

methods.  Examination of the results shown in fig 6.12 show that both the log of geometric

and log of harmonic averaging methods are more robust to contamination than the log of

arithmetic mean.  The log of arithmetic method increases sharply away from the mean of

the null model, even for low probabilities of contamination.  The log of the geometric

mean produces a linear relationship between its mean value and the probability of

contamination; the sensitivity of the calculated mean to equal changes in the probability of

contamination will therefore be a constant.  As the contamination model of (6.20) produces

an exponential distribution the variance of the log of the geometric mean will be a constant

for all probabilities of contamination.

The effects of contamination based on the model of (6.20) were investigated using

a recorded sample of signal conditioning noise produced on a Sony TCD-D100 DAT

digital audio recorder.  The data was then transferred to a computer-based audio processing

system, where in order to simulate high contamination levels, a proportion of the noise was

increased in power level to the maximum allowable before clipping occurs.  Using this

method, worst case outlier components were generated and by varying the proportion of

contamination with reference to the overall data size, the effects of the full range of

contaminant probabilities P, were investigated.  The probability P was adjusted between 0

and 1 in steps of 0.1.  The estimates were formed by averaging 234 consecutive power

spectrums, over a range of approximately 1k spectral coefficients ( )q s , taken from a flat

region of the power spectrum.  From section 5.5, both the distributions of the noise and

outlier components can be considered exponential as to the model defined by (6.20).  The

average value of each coefficient was calculated using the log of arithmetic, log of median,

Fig 6.12:  The change in log of arithmetic,
harmonic and geometric mean values for a change
in contamination probability.  The log of arithmetic
mean is far less robust to contamination than either
of the other two methods.
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log of geometric and log of harmonic methods.  Each coefficient may be considered

independent and therefore the result of a separate experiment; a final value for each

averaging method was determined by obtaining the arithmetic mean of all the individual

coefficients ( )q s  over the flat spectral response:

( ) ( )

( ) ( )

0 0

0 0

1 1
Log Arithmetic(P) P,             Log Harmonic(P) P,

1 1
Log Geometric(P) P,             Log Median(P) P,
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LA LH
s s

S S

LG LM
s s
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= =
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In order to assess the relative efficiency between averaging methods, the variance taken

over all coefficients for each probability of contaminant was calculated.

The results of the mean versus probability are shown in fig 6.13 and the variance

versus probability in fig 6.14.  It can be seen from fig 6.13 that the behavior of the log of

the arithmetic, geometric and harmonic averaging methods using actual data are in general

agreement with the results from the theoretical model shown in fig 6.12.  The results of the

experiment can be summarised as follows:

·  The log of the arithmetic mean is the least robust of all the estimators but has the

lowest variance under null conditions, which as previously stated is an optimum

estimator.  However, the variance quickly shifts from this optimum value even for

very low probabilities of contamination.

·  The log of the median is seen to be reasonably robust up to about a probability

value of 0.4 where it then increases rapidly as does its variance.

·  The log of the harmonic is clearly the most robust of all the estimators but is let

down by having a very high variance for all probabilities of contamination.

·  Under contamination conditions, the log of geometric mean has a high relative

efficiency, is significantly more robust than the log of the arithmetic mean and is

the only estimator with a constant variance for all probabilities of contamination.

Importantly, constant variance for all probabilities of contamination is a desirable

attribute for the slope estimate produced by regression as discussed in section 5.6.

The conclusion is that the log of the geometric mean will be the best location estimator for

the application.  From this point forward, the log of geometric mean will be referred to as

the ‘mean of log’, (6.19) and the log of the arithmetic mean, which is considered the

traditional averaging method for spectral estimation [111], will be referred to as the ‘log of

mean’ (6.18).
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The Geometric Mean as a Spectral Estimator

Spectral estimation using geometric averaging as opposed to arithmetic averaging has been

proposed previously by a number of authors:  For spectral estimation problems using the

DFT, It has been shown by Pintelon et al [162] that for a stationary spectrum contaminated

by additive noise sources, the arithmetic and geometric averaging modes differ only in

their bias.  The bias of a stationary signal due to noise is much smaller for the geometric

mean than that of the arithmetic mean.  In a later paper [116], it is shown that the

geometric mean can be used as an alternative and superior approach to the measurement of

the frequency response function whenever the input and output measurements are noisy.

Under this condition, it is shown that the geometric mean provides almost unbiased

measurements.  At [163] the statistical properties of the geometric mean of periodograms

are examined and compared to that of Welch’s method [127] , [128].  A follow up paper

puts forward a further method of psd estimation using the geometric averaging approach

combined with overlapped time slices with suitable windowing [164].

The cited papers concerning geometric averaging for spectral estimation are based

on both the signal to be estimated and the corrupting noise signal having stationary

properties.  However, as shown in this chapter the Geometric mean is also a significantly

more robust estimator than the arithmetic mean in the situation where the data is corrupted

by temporal spectral contaminants.

6.3.3 ‘Log of Mean’ Versus ‘Mean of Log’ Under Null Conditions

A comparison has been carried out between the ‘log of mean’ and the ‘mean of log’ when

the data is uncontaminated and the results are presented in this section.  The difference

between the two averaging methods Y is found by:

Log of arithmetic mean
Log of geometric mean
Log of harmonic mean
Log of Median

Log of arithmetic mean
Log of geometric mean
Log of harmonic mean
Log of Median

Fig 6.13:  Mean values of the averaging methods
for a change in probability.

Fig 6.14:  Variance values of the averaging
methods for a change in probability.
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[ ] [ ]log loge eE q E r Q R-Y = = -

Where Q and Rhave been found directly from the associated pdf of the null distribution

shown at appendix A.2 and A.3 respectively, and E is the expectation operator.  Under null

conditions there is a constant value found forY that is independent of signal power.  The

value of this difference under null conditions is the Euler constant ,¡  [146], where

0.577,¡ =  and is the difference between the mean and the mode of the log of the power

spectral density, described by (5.28).  When the data is contaminated in some way then

Y > ¡ .

Under null conditions, an analysis of the behaviour of the averaged distributions of

the ‘log of mean’ and ‘mean of log’ processes has been carried out in appendix B.1 and

B.2 respectively and the principle results are:

·  For ‘log of mean’ and ‘mean of log’, the variance is approximately inversely

proportional to the number of averages i.e. the number of Fourier transforms of data

segments K.

·  For a given K the ‘log of mean’ has a slightly lower variance than the ‘mean of

log’ and both converge to zero as K ® ¥ .

·  For a fixed number of averages, both averaging methods produce a constant

variance with respect to a changing original signal variance.

·  The distribution of the ‘log of mean’ centers on the mode of the non-averaged

distribution.  The distribution of the ‘mean of log’ centers on the mean of the non-

averaged distribution.

·  The ‘log of mean’ has an asymmetrical distribution and remains asymmetrical for

all K values, therefore the mode does not equal the mean.  The ‘mean of the log’ is

initially asymmetrical but as K increases the distribution converges to that of

Gaussian, resulting in the mode of the averaged distribution converging to that of

the mean of the non-averaged distribution.

·  As discussed above, the expected difference between the two averaging methods

will be the difference between the mode and the mean of the non averaged

distribution .¡

In conclusion, under null conditions, the ‘mean of log’ has a small increase in variance and

a constant bias of -0.577 when compared to the ‘log of mean’.
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6.3.4  ‘Log of Mean’ Versus ‘Mean of Log’ for the RDT Under Null Conditions

It has been shown that in an averaging process, the mean value of a distribution remains

constant for increasing numbers of averages.  For the non-averaged RDT distribution, the

mean value derived at appendix A.4 is given by:

2

1

2logeA w

w

s
s

� �
= � �

� �
(6.21)

Equation (6.21) will therefore also describe the mean value of the averaged RDT

distribution.

Under null conditions an analysis of the behavior of the averaged distributions of

the RDT for the ‘log of mean’ and ‘mean of log’ has been carried out in appendix B.3 and

B.4 respectively and the principal results are:

·  The mean of the pdf for the RDT using ‘log of mean’ and ‘mean of log’ will be the

same as the non-averaged RDT and described by (6.21).  This also results in the

removal of the 0.577 bias between the averaging methods.

·  The RDT is not dependent on the power density represented by the original spectral

coefficients but on the ratio of the power density at two frequencies.

·  Variance is approximately inversely proportional to K for both the RDT ‘log of

mean’ and the RDT ‘mean of log’.

·  For a given K the RDT ‘log of mean’ has a lower variance than the RDT ‘mean of

log’ and both converge to zero as K ® ¥ .

·  The variance for the RDT distribution is twice that of the non-transformed

distribution.  Therefore the efficiency between RDT ‘log of mean’ and RDT ‘mean

of log’ is the same as the efficiency between the ‘log of mean’ and ‘mean of log’.

Under null conditions, it has been shown that the efficiency of the RDT is 0.5, having

twice the variance of one of its sets of log-power coefficients.  In general, this increase in

variance is not a problem as the variance in the null model is relatively small and can of

course be controlled by choice of data size.

Under null conditions, the RDT of the ‘mean of log’ has an insignificant increase in

variance compared to the RDT of the ‘log of mean’ and in conclusion, both methods

produce the same expected value.

6.3.5  ‘Log of Mean’ Versus ‘Mean of Log’ Under Contamination Conditions

The behavior of the two methods of averaging under conditions of contamination have



Chapter 6:  Minimizing Errors in the Estimate Introduced by Signals and Systems

127

been investigated and the results are reported in this section.  If Q represents a random

variable, then in general because the logarithmic transform is non-linear:

( )log logE Q E Q� 	 � 	� 
� 
 ¹

Following from the algebraic proof relating to the arithmetic – geometric mean inequality

[165], when the power spectrum magnitude q of a particular frequency coefficient taken

over K transforms is not a constant but is varying in some way, then the ‘log of mean’ of

kq  is always greater than the ‘mean of log’ of kq , (6.22):

1 1

                
1 1

ln ln 1 and
K K

k k k k
k k

q q qq c
K K= =

> > ¹� � (6.22)

If q is a constant then both methods produce a value equal to the constant.

The contamination model (6.20) is used to show the difference between the ‘log of

mean’ LAc , and ‘mean of log’ LGc  averaging methods given by (6.18) and (6.19)

respectively.  A number of traces are overlaid on the same graph for the ‘log of mean’ and

the ‘mean of log’ results.  This graph shows the effects of changing the probability and

magnitude values of the corrupting data.  The null data has a fixed variance of 2 while the

variance for the corrupting data has been varied between 2 and 10000, for a total of 11

different probability values, ranging from 0.01 to 0.5.

The results are presented in fig 6.15, with log-power shown on a dB scale.  The

magnitude of the ‘mean of log’ method increases logarithmically as the corrupting data

increases logarithmically.  For a given power level of corrupting data the ‘log of mean’

value always increases at a greater rate than the ‘mean of log’.  Taking a probability value

of 0.01 for the corrupting data the ‘mean of log’ is for practical purposes, a constant over

the complete range of variance values for the corrupting data.  In contrast the ‘log of mean’

increases by more than 15 dB over the same range of variance values.  This indicates that

for corrupting data having a low probability of occurrences relative to the wanted data, the

average value produced by the ‘mean of log’ remains virtually unchanged, even when the

corrupting data has a very high power level.  Under identical conditions, the ‘log of mean’

produces a value heavily biased in a positive direction by the corrupting data.

The contamination model confirms the ‘mean of log’ to be considerably more

robust than the ‘log of mean’ and this is further supported empirically using recorded data

described in chapter 7.  The ‘mean of log’ will be the method of averaging considered

when investigating the RDT under contamination conditions.
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         LOG OF MEAN, LAc
         MEAN OF LOG, LGc

Probabilities of corrupting data
following order of  traces

Null data
point

Fig 6.15:  Comparison of
‘mean of log’ and ‘log of
mean’, shown for changing
levels of corrupting data and
for a number of data
contamination probabilities.

6.3.6  The RDT Under Contamination Conditions

Consideration is now given to the ‘mean of the log’ in conjunction with the RDT under

conditions of contamination.  Using the ‘mean of log’, the RDT can be applied at two

different places in the overall algorithm, fig 6.16.

The RDT may be introduced after the averaging process, method 1, or alternatively, it may

be introduced after each logarithmic conversion of the power spectrum and the average

formed from this, method 2:

, ,
1 1

        Method 1     
1 1

[ ] ln ln
K K

k s k s
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A s r r
K K= =

= -� �� �

( ), ,
1

          Method 2
1

[ ] ln ln
K

k s k s
k

A s r r
K =

= -� � �

Power Spectrum

Log conversion

Average

RDT

 Method 1

Power Spectrum

Log conversion

RDT

Average

 Method 2

Fig 6.16:  The RDT can be applied at two
different points in the processing chain.
Method 1 only requires the RDT to be
calculated once, whereas method 2
requires calculation for each Fourier
transform.
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Mathematically the RDT is a linear transform, the result of a simple subtraction of two

vectors.  Therefore:
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The two processes are then equivalent:
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The advantage of method 1 is that the RDT has only to be calculated the once, method two

requires the RDT to be calculated for each power spectrum.

As the RDT is a linear transform, the robust advantages of using the “mean of log”

are maintained after having carried out the RDT.  Under conditions of contamination, the

RDT itself introduces some further robust qualities that are beneficial to the slope estimate

produced by using regression techniques.

An experiment was conducted by applying the RDT to the results of the simulated

contamination experiment described in section 6.3.5.  This was carried out for probabilities

of contamination ranging between 0 and 0.5 and the results are presented for the mean,

variance, skewness and kurtosis of the log of the power spectrums and for the RDT of the

log-power spectrum, fig 6.17 to 6.20 respectively.

It can be seen from the results, that when forming the RDT between two vectors

representing spectral coefficients,1 2 and s sR R , each containing contaminants having the

same distribution, the form of the RDT distribution remains virtually undisturbed.  This

makes the RDT completely robust to recording level gain changes that may occur during

the recording under analysis.  The mean value of the RDT is the difference between the

mean values of the two log-power distributions and it may be concluded that if the

contaminants are common to both distributions they will be cancelled producing an

unmodified pdf as indicated by figs 6.17 to 6.20.  Contaminants correlated across the

transform points over the ROI will occur when the contamination in the time-domain has

low auto-correlation values.  This condition is met for impulse and stochastic type noise

contamination often found in the forensic environment as discussed in section 6.3.1.

Therefore, if both sets of coefficients from the log power distributions contain

contaminants, the RDT will always act to reduce their effects.  The RDT can therefore be

seen to add a further level of robustness to the overall averaging process.
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Fig 6.17:  Mean. Fig 6.18:  Variance.

Mean of log of power spectrum
Mean of RDT

Variance of log of power spectrum
Variance of RDT

Skewness of log of power spectrum
Skewness of RDT

Kurtosis of log of power spectrum
Kurtosis of RDT

Fig 6.19:  Skewness. Fig 6.20:  Kurtosis.

6.4 Minimizing the Effects of Long Term Signal Contamination

As previously discussed, the recorded data samples under adverse conditions, may contain

acoustic signal energy that produces frequency spectra above the signal conditioning noise

floor over the ROI, especially when using lower sampling rates.  These signals may be

present for a large percentage of the overall data sample and therefore cannot be effectively

reduced by the non-linear averaging techniques reported in the previous section.  Under

this condition, the power spectrum of the acoustic signal will not have decayed far enough

in level before the ROI is reached.  This will produce a sloping spectral response over the

ROI, resulting in a bias to the RDT slope estimate.  This section discusses a technique that

has been developed to minimise this bias based on a simple extrapolation process.

6.4.1  Slope Bias Due to Acoustic Signals Reaching the ROI

It is reasonable to assume that slope estimates taken from a large number of recordings

would have a Gaussian probability distribution and this is confirmed in chapter 7 where the

results are reported of an extensive experiment conducted on data that fits the assumed

spectral model.  The results were obtained by analysing recordings that had been produced
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6.21:  Distribution of slope values taken from
538 evidential recordings.  The distribution is
not symmetrical.

with no applied acoustic input signal and therefore contained only signal conditioning

noise.

In this section, results are reported of an experiment conducted on a large sample of

evidential audio recordings produced on different recorders of the same make and model

and made under a wide range of recording and acoustic conditions.  The slope values

derived in the experiment are produced from a total of 538N =  recordings; all sampled at

32 kHz and of 120 second duration.  Each recording has been averaged for 117 transforms,

each consisting of 217 transform points over the ROI of 15 kHz to 15.6 kHz.  The results

of the slope values for the experiment are displayed as a histogram in fig 6.21 and shows

that the results are clearly not Gaussian having a distribution that is skewed towards the

left.

The sample statistics for this data are shown in table 6.7, where the mean value of the slope

parameter is 0.0194 and is approximately 10% higher than the slope value estimated using

data having ideal noise characteristics as described in chapter 7.

Mean, 1b 0.0194

Variance,  2s 63.03 10-´
STD,  s 31.74 10-´
Skewness 0.736
Kurtosis 3.97

The error in the estimate for the mean is given by its standard error:
3

5

1
 

1.74 10
7.5 10

23.19
ss
Nb

-
-´

= = ´=

Due to the high number of measurements involved, the standard error in the estimate is

only about 0.4 percent of the sample mean, implying that a relatively precise point estimate

of the slope value has been obtained.  With the value of the error stated, it can be

concluded that the increase in the mean value from 0.0179 (subsection 7.7.2) calculated

from the ideal noise data has not occurred by chance.  The skewed data and increase in

Table 6.7: Statistics for the distribution of slope values
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mean value indicates that the estimates produced from the evidential recordings contain a

systematic error, resulting in a bias in the estimated average.

As discussed in chapter 3, acoustic signals found in a forensic environment tend to

have higher power levels at the low frequency end of the audio spectrum and decay away

at the higher frequencies.  Therefore, the average power spectrum of a recording produces

a response that will be decaying as frequency increases.  The proposed model relies on the

acoustic signal decaying into the signal conditioning noise and leaving a flat region of psd

before the ROI is reached.  However, if the psd is not flat before reaching the ROI a bias in

the RDT estimate will result.

A demonstration of a situation where the assumption of a flat spectrum before the

ROI is not valid is shown in fig 6.22.

In the example, the power spectrums of two recordings of the same acoustic signal are

shown overlaid on the same graph.  The red trace is from a 32 kHz recording showing the

signal sloping off into the ROI and then attenuated quickly as a result of the anti-alias

filter.  The blue trace is produced from a recording sampled at 48 kHz allowing the true

signal power spectrum over the ROI to be seen.  For spectral levels decreasing for

increasing frequency, the trend in the slope will be negative and will increase the measured

slope value of the ROI after application of the RDT.  When the ROI becomes biased in this

way the estimated slope value1ˆ Tb  represents a combination of the slope value due to the

magnitude of the transfer function1ˆ Hb and the slope value due to the trend in the spectral

components of the acoustic signal1ˆ Sb :

1 1 1ˆ ˆ ˆT S Hb b b= +

True spectrum has
negative going
slope as it enters the
ROI

Signal recorded at 32 kHz
Signal recorded at 48 kHz

ROI
Region used for

extrapolation
6.22:  Example of a non-flat spectral
response as it enters the ROI. The red
trace is from a recording of high level
traffic noise sampled at 32 kHz and
shows the combined effect to both anti
alias filter and the trend of the acoustic
signal over the ROI.  The blue trace is
from a recording made under identical
conditions, using the same recorder but
sampled at 48 kHz and shows the
response of the acoustic signal alone.
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The signal trend 1ˆ Sb represents the bias in the estimate and if this were known then the bias

could be removed from the final slope estimate to leave the slope value due to the

magnitude of the transfer function of the recording system alone.  What is known, is that

the magnitude of the transfer function of the recorder is a constant for frequencies before

the spectral ROI.  Therefore, the trend of the signal can be estimated for this region.  For

the example shown, it is valid to extrapolate the trend of a small region of the spectrum

taken before the ROI, over into the ROI, so that in the final estimation, the extrapolated

value can be used to compensate for the bias introduced by the acoustic signal.  Based on

the assumption that the spectral trend of the signal continues over the ROI, its value

calculated from the region used for extrapolation purposes 1Sb
�

 can be subtracted from 1ˆ Tb

to leave the slope value due to the magnitude of the transfer function alone:

1 1 1  ˆ ˆH T Sb b b= -
�

(6.23)

By using the RDT of an averaged log-power spectrum to calculate the slope in the trend of

the signal used for extrapolation purposes, the final estimate may be obtained by a simple

subtraction of the two slope estimates as to (6.23).  The signal processing is shown in fig

6.23.

The audio recordings used for the experiment described at the start of this section

were subjected to analysis using the process defined by fig 6.23.  The results are presented

in histogram form in fig 6.24.  A Gaussian distribution curve has been superimposed over

1ˆ Tb 1Sb
�_+

Power spectrum over
spectral ROI

Power spectrum over
extrapolated spectral
region

Averaging process Averaging process

Reverse Difference
Transform & total
slope estimation

1ˆ Tb

Reverse Difference
Transform &

extrapolated slope
estimation

1Sb
�

Final slope estimation

1ˆ Hb

Fig 6.23:  Signal processing
used to reduce/remove the
slope bias introduced by the
acoustic signal.

�
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the top of the histogram for comparison purposes.

The sample statistics for the data are shown in table 6.8.  Taking into acount standard

errors, the mean of this distribution is now very close to that of the results for the assumed

model (0.0179) described in chapter 7.  The variance has also been reduced by around a

third, and the values for the skewness and kurtosis show the distribution to be close to

Gaussian.  This is confirmed by the Jarque-Bera test for a goodness of fit to a Gaussian

distribution [166], table 6.9.

Mean, 1b 0.0177

Variance,  2s 62.18 10-´
STD,   s 31.47 10-´
Skewness 0.124
Kurtosis 3.35

Hypothesis (Gaussian distribution) Cannot reject
P-value 0.134
Value of test statistic 4.014
Critical value 5.99

As the process involves the combination of two slope estimates, an increase in the

overall uncertainty of the final slope estimate will be expected.  An analysis of this

increase in uncertainty will be carried out, using (5.40) which is repeated here for clarity:

( )

2
2

( 1)
2

1

2

0

{ } A
M J

j
jK

ss b

v v
-

D
=

×

=

-�
(6.24)

It can be seen from (6.24) that if the number of transform points increases by increasing

the bandwidth then the slope-variance will decrease.  For a region of 12 kHz to 14.5 kHz

(1280 transform points) used for extrapolation purposes, the variance in the slope estimate

Fig 6.24:  Slope estimates for 538 evidential
recordings using an extrapolation processing
technique.

Table 6.8: Statistics for the distribution of slope values.

Table 6.9:  Results of a Jarque-Bera test
for goodness of fit to a Gaussian
distribution.  Where the hypothesis is
rejected at the 5% level.
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due to measurement as calculated from (6.24) is found to be over 72 times smaller than the

slope-variance of the 15 kHz to 15.6 kHz ROI (307 transform points) used for the low-pass

response estimate.  Therefore, for practical purposes the additional measurement variance

introduced by the extrapolation technique can be ignored.

6.4.2  The Extrapolation Process

It has been shown that acoustic signals having a trend in the spectral data that have not

decayed into the noise floor before reaching the spectral ROI will bias the slope estimate.

An effective removal of the bias can be achieved by the extrapolation technique described.

As the method for calculating the correction is identical to the low-pass slope

parameter estimation method, the final corrected result is produced from a simple

summation of both slope values.  For each of the 538 recordings sampled at 32 kHz as used

in the experiment, the spectral region for extrapolation was fixed at 12 kHz-14.5 kHz and

on average has produced good results.  In summary, the corrections:

·  Removes the bias caused by the signal contamination

·  Reduces the variance of the slope estimate by around a third

·  Generates a negligible increase in measurement uncertainty

Optimum results for individual recordings will be obtained by prior selection of the

extrapolation region by visual examination of the spectral response.  Bias of this nature

become less of a problem with higher sampling rates such as 44.1 and 48 kHz, as more of

the spectral energies of the acoustic signal decays into the noise before reaching the ROI.

6.5  Intra-Recorder and Inter-Recorder Variance

Examining recordings originating from recording systems that use analogue anti-aliasing

and anti-imaging filters, further significant sources of uncertainty in the RDT slope

estimation may result from intra-recorder and inter-recorder variance.  This section

discusses these additional sources of slope variance and examines how this variance may

be increased by a copying process.

The intra-recorder slope-variance will be defined as the variance of a local

population.  This local population will be a population of slope values associated with a

single recording machine.  The inter-recorder slope-variance will be defined as a global

population of slope values associated with all recording machines relating to a particular

make and model.  The inter-recorder variance 2
rs  will consist of the sum of the intra-
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recorder variance 2
as  and the additional variance resulting from the variance of the

population of recording machines of the same make and model 2.xs   The inter-recorder

variance 2
rs  is therefore the sum of 2as and 2

xs and is then given by:

2 2 2

2 2 20
r a x

x r aif then

s s s

s s s

= +

= =

  

    
(6.25)

In a forensic analysis, the original recording machine may be known and available for

analysis.  Under this condition, only the recorder variance of a local population2
as  needs to

be considered, the additional recorder variance from the global population2
xs  can be

considered zero.

6.5.1  Sources of Intra-Recorder and Inter-Recorder Variance

In relation to an anti-aliasing filter, inter-recorder variance is associated with tolerance

specifications of electronic components, whereas intra-recorder variance will be related to

electronic component stability.  The sources of intra-recorder and inter-recorder variance

are therefore dependent on the type of anti-aliasing filter employed: analogue or digital.

As described in chapter 3, a standard PCM system will use an analogue anti-aliasing filter;

an over-sampled system will use a digital filter for the anti-aliasing function and may

utilise an analogue filter with a mild attenuation characteristic prior to the A to D stages.

The frequency response and stability of an analogue filter will depend on the

specifications of the frequency shaping elements such as capacitors, resistors, inductors

and semiconductors.  Changes in the filter characteristics will be predominantly

deterministic, producing linear drift due to variation of ambient temperature, humidity, age

and supply voltage.   A digital filter will have characteristics that are governed by

arithmetic calculations and are therefore not subject to electronic component tolerance or

drift.  The frequency tolerance and stability of such filters are dependent on the tolerance

and stability of the timing circuit or clock controlling the rate of calculations of the filter

coefficients and are therefore related to the sampling clock of the audio system.  The clock

is universally based on a quartz crystal signal source, which has high tolerance and low

stability attributes [99 ch16.4].  Variations in quartz crystals such as small changes in the

crystal dimensions and changes in the elasticity and density parameters result in small

variations in the crystals resonant frequency.  The temperature coefficient of a quartz

crystal is measured by the frequency change divided by the center frequency per degree

Celsius variation in temperature.  Quartz crystals are usually electronically temperature
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stabilised.

The recommended accuracy of the sampling frequency used for consumer digital

audio recording equipment is given as [167]:

·  Level I, High accuracy mode within 50±  parts per million of the nominal sampling

frequency.

·  Level II , Normal accuracy mode within 1000±  parts per million of the nominal

sampling frequency.

The recommended sampling frequency accuracy for professional digital audio encoding is

10±  parts per million [168].  Inter-recorder variance introduced by a digital anti-aliasing

filter incorporated into professional and consumer type audio recorders will therefore be

governed by the accuracy and stability of the sampling reference crystal.  The high stability

of the crystal oscillator will make the intra-recorder variance of a digital anti-aliasing filter

very small and can be neglected.

The significance in establishing intra-recorder and inter-recorder variances are

twofold:

1. To determine, how much better a slope estimate is using the statistics acquired from

a single machine rather than statistics taken from the overall population of

recorders.

2. To determine the significance of the relative magnitudes between the measurement

variance and intra-recorder/inter-recorder variance.  For example, if the intra-

recorder and inter-recorder variance is large compared to the variance in the

measurement (5.43) then halving the measurement variance by doubling the data

size only produces a small improvement in the overall uncertainty in the estimate.

6.5.2  Additional Slope Variance Introduced by Copying

Intra-recorder variance will also result in a further increase in the slope variance of a copy

recording.  To calculate the slope variance inherent in a copy recording, account has to be

taken of an additional variance resulting from the further low-pass filters used in the

process.  This additional uncertainty will be identified as copy variance,2.cs

For the analysis, the assumption is made that the original low-pass anti-aliasing filter has

the same specification as that of the anti-image and further anti-aliasing filters used to

make the copy recording.  If a signal is passed through the same filter twice then the

transfer function of the filter is squared, passed through three times the transfer function is

cubed and so on.  Transfer function errors resulting from passing the signal through a
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filter P times will increase the errors by a factorP due to the correlation between the errors,

and this forms the basis for the increased slope estimate in a copy recording.  However,

errors due to filter instabilities will be uncorrelated and the increase in these errors will be

modeled by P .  The total error after copying:

 P original error´

The additional error due to copying is then given by:

( )2   c P original error original errors = ´ -

When the total number of filters used in the copying process is 3 then:

( )2 1.732   c original error original errors = ´ -

Therefore the difference in variance between the original data and the copied data for any

particular recording machine will be the additional slope-variance introduced by the

copying process, and is related to the number of additional passes through a low-pass filter.

For identical filters, (6.26) will approximate the result.

6.6  Slope Bias Introduced by Low Recording Levels

Additive noise sources generated from within a recording system but after the initial anti-

aliasing filter, may bias the RDT slope estimate when the recording/playback levels used to

produce an original or copied recording are low.  The robustness of the slope estimation to

low recording levels have been investigated and the findings are reported in this section.

6.6.1  Errors in the Slope Estimate as a Result of Low Recording Levels

Under normal recording conditions, it has been assumed that any additive quantisation

noise produced by an original recording or quantisation noise and further signal

conditioning noise produced by a copy recording will be negligible when compared to the

original signal conditioning noise.  However, for very low recording levels used in the

production of an original recording or low recording/playbaback levels used in the

production of a copy recording, the relative levels of additive noise become more

significant.  Under these conditions the slope value can be reduced, leading to a false

identification of an original recording when it is actually a copy recording.

If the acoustic signal is negligible over the spectral ROI, the signal conditioning

noise from the original recording will be shaped by the magnitude response of the anti-
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aliasing filter.  Any further noise sources as introduced into the recording system after this

filter such as that introduced by a copy process will be added to this result.  Therefore, the

effects of additive noise power will be relative to the original signal conditioning noise

power.  In order to simplify the discussion the additional uncorrelated additive noise

sources will be summed to give an overall total noise source k :

( )or cr cr crq q f Ak h= + + ×

As previously discussed in chapter 3, orq and crq are quantisation noise produced by the

original recording and the copied recording respectively and ( )cr crf A h×  is the additive

analogue noise produced by a copy process.

The estimated magnitude of the spectrum is manipulated in logarithmic form and it

follows that any additive noise will have a greater effect on lower amplitude spectral

components than on higher ones.  Considering the low-pass system response, if the ratio of

pass-band noise level to stop-band noise level is low due to low recording levels in the

overall system, the spectral shaping over the transition region may be modified by the

additive noisek and the slope estimate produced after the RDT will become biased.

At high levels of signal conditioning noise 2ors  the additive noise power 2ks  should

have little effect on the slope value.  However, as 2
ors  is reduced 2

ks  becomes increasingly

significant.  The bias on a spectral coefficient of the signal conditioning noise due to

additive noise is given by the difference between the signal conditioning plus additive

noises and the signal conditioning noise alone:

( ) ( )2 2 2
10 1010log 10logor orbias ks s s= + -

A typical recording from a portable recorder of 16 bit word-length, set to maximum

recording level can produce a signal conditioning noise to additive noise ratio (SAR) of

around 30 dB.  The analogue signal conditioning noise contribution in such a system can

therefore be as much as 1000 times greater than the additive noise.  A graph is shown in fig

6.25 of the conditioning noise bias level for values of signal conditioning to additive noise

levels ranging between 0 and 30 dB.  In order to calculate the bias for a range of SAR

ratios, the signal conditioning noise power has been reduced between a maximum of 1000

to a minimum of 1 by a variablel as given by (6.27):

( ) ( )2 2 2
10 10( ) 10 log 10log     where 1,2 1000or orbias kl s l s s l l= - + - - = �� (6.27)

It can be seen that the bias reduces exponentially as the SAR increases from 0 dB.
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6.6.2  Robustness of Slope Estimate to a Change in Recording Level

The effects of additive noise on the spectral estimate and RDT slope estimate have been

examined with the aid of a simulation.  A sample of Gaussian noise has been filtered by a

known low-pass response and then summed with an uncorrelated unfiltered Gaussian noise

source.  The set up represents the signal conditioning and additive noises for a 32kHz

sampled recording system producing an original recording, fig 6.26.

The result has been analysed using the power spectral density and RDT estimation

processes described in previous chapters.  Using a frequency ROI of 15 kHz to 15.6 kHz

where the knee of the low-pass filter response occurs, the spectral estimates were formed

by averaging over 585 transforms.  Using filtered pass band noise to additive noise ratios

of 30, 3 and 0 dB, the results of the estimates are shown in fig 6.27 and 6.28.

To aid comparison the pass band responses in fig 6.27 have been normalised to

0dB, and the known low-pass filter response has been overlaid.  The results show that as

the relative level of the additive noise is increased with respect to the signal conditioning

noise, the rate of attenuation of the low pass response is reduced and this produces a bias in

the slope estimate of the RDT.  Due to the additional low-pass filtering, signal conditioning

noise that has been copied, has a spectral response that is attenuated by a greater amount

towards the upper end of the ROI compared to the original spectral response, and this

indicates that the additive noise will have a greater effect on a copy recording than the

Fig 6.25:  Bias level (6.27) of a spectral coefficient
for changing SAR. The bias is reduced exponentially
as the SAR increases.

Variable
attenuator

Low-pass
filter

Spectral
estimation and
RDT processes

1wn

2wn

Fig 6.26:  Processing used to simulate the effects of additive noise on the signal
conditioning noise introduced in an original recording.

Anti-alias
+
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True response
30dB SAR
3dB   SAR
0dB   SAR

True response
30dB SAR
3dB   SAR
0dB   SAR

Fig 6.27:  Estimates of low-pass response
corrupted by additive noise.

Fig 6.28:  Estimates of RDT corrupted by
additive noise.

original recording.

A simulation to establish the effects of additive noise on a copy recording has been

carried out, where 3 identical low-pass filters have been used each with the same response

to that shown in fig 6.27.  These filters, represent the anti-alias, anti- image and further

anti-alias filters involved in a simple copying process.  Additive noise may be introduced

to varying degrees throughout the copying process.  Here simulations have been carried out

introducing additive noise into two different places in the recording chain as shown by

figures 6.29 and 6.30.

Using the same analysis method as previously described, results for the slope

estimates for the simulated original recording and both methods of simulated copy

recording have been plotted for SAR ratios of between 0 and 30 dB in 1 dB steps.

The results of the slope estimates are presented in fig 6.31, where it can be seen

from the plot for the original recording, that the bias in the slope estimate is negligible if

Spectral
estimation and

RDT
processes

2wn

Low-pass
filter

Variable
attenuator

Low-pass
filter1wn Low-pass

filter

Anti-alias Anti-aliasAnti-image

Fig 6.29:  Process used to simulate the effects of additive noise on the signal conditioning noise introduced
into a copy recording.  The additive noise is introduced between the simulated anti-image filtering and anti-
alias filtering of the playback and copy processes.

2wn

Low-pass
filter

Variable
attenuator

Low-pass
filter1wn Low-pass

filter

Anti-alias Anti-aliasAnti-image

Fig 6.30:  Process used to simulate the effects of additive noise on the signal conditioning noise introduced
into a copy recording.  The additive noise is introduced after all the low-pass filtering stages.
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+
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the signal conditioning to additive noise ratios are >10 dB.  Further, as the SAR is reduced

the slope estimate of the copied recording is affected by a greater amount than the original

recording.  The results for the slope value of the copy recording simulation with the

additive noise introduced after all the low-pass filters, is affected by a greater amount than

that of the copy recording simulation where the additive noise has been introduced after

only two of the low-pass filters.  Considering all low-pass filter responses to be identical,

an examination of the two copy simulations in the frequency-domain produces:

3
1 2From fig 6.29    ( ) ( ) ( ) ( )output wn j H j H j wn jw w w w= × + × (6.28)

                          3
1 2From fig 6.30   ( ) ( ) ( )output wn j H j wn jw w w= × + (6.29)

The only difference between the two methods is that the additive noise 2wn  in the first

method (6.28) has been multiplied with the response of one low-pass filter.  This produces

an attenuation of the additive noise at higher frequencies before it is added to a cubed low-

pass filter response, therefore the signal conditioning noise is affected to a lesser extent

than that of the second method (6.29), where the unfiltered noise is added directly to the

cubed response of a filter.  Clearly additive noise introduced before low-pass filters in a

recording chain has less effect than additive noise of equal power introduced after the same

filters.

Figure 6.31 also indicates that for a copy recording, a large reduction in slope value

due to additive noise has to occur before the slope value approximates to that of a slope

value produced from an original recording, indicating a high degree of robustness.  This

robustness will be dependent on the discrimination level between the original and copied

recording, which in turn is dependent on the make and model of the original recorder and

of the copying system used to produce the copy.

In general, it may be concluded that the slope estimate for both an original and a copy

recording is likely to have a good degree of robustness even in the presence of additive

Fig 6.31:  The effects of additive noise on the RDT slope
estimate for an original and copy recording using the
procedures described by figs 6.26, 6.29 and 6.30.  As the
SAR is reduced the copied recording slope value is
affected by a greater amount than the original recording.
However, a large reduction in slope value due to additive
noise has to occur before the copy slope value
approximates to that of an original slope value offering a
high degree of robustness.

Original recording
simulation (fig 26)
Copied recording
simulation (fig 29)
Copied recording
simulation (fig 30)
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noise.  A greater robustness to additive noise can be achieved by limiting the upper

frequency of the ROI where the spectral energy from the recording conditioning noise will

be higher and the effects of additive noise will be lower.

6.6.3  Detecting Low Recording Levels

It has been shown that when copied recording levels are relatively low, bias in the slope

estimate due to additional noise sources may produce a slope value that is erroneously

consistent with an original recording.  It is a requirement to detect when this condition may

have occurred.  Simple power or amplitude measurements on the recorded signals may

indicate that the overall signal power is low or the spectral power over the ROI is low but

these measures have been found to be inconclusive indicators.

It is found in practice that the best method of establishing that the estimated slope

value has not been biased by additive noise is to examine the frequency region of the

power spectrum between the end of the ROI and the Nyquist limit.  This is illustrated in fig

6.32, where the power spectral estimate from a low level copied recording has become

biased by additive noise, this spectrum has been overlaid on to its original counterpart.

Both RDT slope estimates produced from the two-power spectrums result in values

consistent with that of an original recording and this is supported by the similarity in power

spectral response over the ROI.  However, fig 6.32 shows that beyond the ROI, the

response for the copy recording is falling at a lesser rate than the original recording due to

the effects of the additive noise and this can be used as an indicator that additive noise is

biasing the estimate.  The upper end of the ROI is usually chosen to be a point not

influenced by additive noise levels under normal conditions.

ROI

Original
Copy

Fig 6.32:  Both low level copy and original recordings
produce similar power spectrums over the ROI leading
to RDT slope estimates that are consistent with original
recordings.  However, examination of the power
spectrums beyond the ROI show the copy recording to
shallow out due to the effects of additive noise.
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6.7  The Effects of Aliasing

It is shown in this section that aliased spectra can be treated as a further additive noise

source and, dependent on the anti-aliasing characteristics of a recording system, produces a

bias in the log-power spectrum leading to a reduction in value for the RDT slope estimate.

In the frequency-domain, signals are convolved with the spectrum of the train of sampling

pulses and this results in replicated frequency spectra and its images about the sampling

frequency and subsequent harmonics of the sampling frequency [77 pp516-520].  The purpose

of an anti-aliasing filter is to reject input signals above the Nyquist limit.  The Nyquist

limit is half the sampling rate and input signals above this frequency fold back over into

the wanted audio band producing aliasing distortion.  The result of inadequate aliasing

rejection produces frequency shifted spectral components that appear in the audio band and

are indistinguishable from wanted signal components within it.

Figure 6.33 illustrates the ideal situation showing the 1st image signal overlapping

below the Nyquist limit, by the time the end of the audio passband is reached the image is

zero.  In practice, this ideal situation does not occur [82] as aliased components will still be

present due to the limitations of the applied anti-aliasing filtering.

For a signal input of frequency f above the pass-band of the recorder, its imaged

counterpart will be found to decrease in level and frequency asf increases due to the

response of the anti-aliasing filter.  Increasingf beyond the Nyquist limit produces an

image frequency that becomes an aliased component.  Therefore the aliased spectra will

have greatest effect on the base-band at higher frequencies.

Aliasing components should be sufficiently attenuated enough by the low-pass anti-

Passband

Anti-aliasing filter
transition Region

fs0.5 fs0Hz

Baseband signal 1st Image signal

Fig 6.33:  Ideal alias condition, where the 1st image signal is negligible in the passband of the
base-band signal.

Stopband

 Alias rejection
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aliasing filtering to be negligible within the passband, but will have increasing effects near

the Nyquist limit within the transition region of the low-pass filtering.  Of course, this is

exactly where the ROI lies and aliasing effects on the slope estimate needs to be

considered.  Dunn points out:

“ It has become accepted wisdom that for high quality applications anti alias
filters should have a flat response to 20 kHz and that immediately above
that frequency the response should plummet into the rejection band.  For
systems operating at 44.1 kHz this requires a transition region from 20 kHz
to 22.05 kHz (0.454 fs to 0.5 fs) in which the filter should develop the full
rejection of the filter if it is to avoid the generation of aliases.  In practice
many of the (otherwise) highest performance integrated circuits do not
achieve this.”[169]

Typically, it is found that there may be only a few dB of roll off between the end of the

passband and the Nyquist limit.  One of the high performance ADC examples quoted by

Dunn produce the following figures:

Stop-band attenuation: 100 dB,

Stop-band edge: 0.604 fs,

Attenuation at Nyquist limit (0.5 fs): 3 dB

Clearly, figures of this nature indicate a high potential for aliasing, and it is desirable to

ascertain how aliasing influences the slope estimate.

6.7.1  Aliasing and the Effects on the Power Spectrum

Aliased components in the null model are the result of low-pass filtered signal conditioning

noise extending above the Nyquist limit.  Since the spectral components generating

aliasing are produced from higher and therefore uncorrelated spectral components to those

that they will be combined with, the assumption made is that the correlation between the

noise and any aliased components of the noise will be zero.  Using the notation in chapter

4, the power spectral response produced from an original recording without consideration

to aliased power spectra up to the Nyquist limit is given by:

2 2 2 2
( ) ( ) ( )            for  ( )rr r nn rrj H j j j fsw w w wF = × F F £ (6.30)

Where nnF is the signal conditioning noise and rH is the recorder transfer function.  The

alias power spectra alone can be represented by reflecting (6.30) about 0.5fs and

calculating for spectra below 0.5fs :

2 2 2
( ( )) ( ( )) ( ( ))aa r nnj fs H j fs j fsw w wF - = - × F - (6.31)

2
for  ( ( )) 0.5aa j fs fswF - £
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Adding the independent spectra given in (6.30) to (6.31) produces an expression for the

overall noise power spectra:

2 2 2

2 2 2 2

( ) ( ) ( ( ))

( ) ( ) ( ( )) ( ( ))

A
rr rr aa

r nn r nn

j j j fs

H j j H j fs j fs

w w w

w w w w

F = F + F -

= × F + - × F -

Converting to dB produces the final result:

( )2

1010log ( )A
rr jwF

From the discussion, if the signal is modelled as white noise then the relative levels

of alias power spectra are only dependent upon the magnitude of the low-pass filter

transfer function.  An averaged power spectrum, very close to the Nyquist limit will have

approximately equal power in its base-band noise spectra and first image spectra, fig 6.33.

Therefore, as the averaged noise power spectra and its aliased power spectra approach the

Nyquist limit a worst case averaged power spectra increase due to aliasing of  +3 dB will

be expected.

As the power spectra is examined further below the Nyquist limit this increase due

to aliased spectra will fall.  A number of conclusions can be drawn:

1. The bias in the spectral envelope of the log-power spectrum due to aliasing

produces a reduction in the value of the RDT slope estimate.  Aliasing will always

act to reduce the slope estimate.

2. The greater the attenuation of the signal between the passband and the Nyquist limit

the less the effect of aliased spectra on the slope estimate.

3. From 2, aliasing will affect a copy recording to a lesser extent than its original

counterpart.

6.7.2  Empirical Results

Two recordings were produced using a Sony DAT TCD-D100 ‘walkman’ style recorder

sampling at 44.1 kHz.  Each recording used a different input stimulus to establish the

spectral response of the recorder:

Recording a) A white noise test signal

Recording b) A single incremented test tone signal

Recording a)

This recording was used to establish the low-pass response of the recorder using spectral
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averaging of a signal consisting of high level white noise.  The recording simulates the

response obtained from the signal conditioning noise.  The high level white noise signal

source ensures the effects from any additive noise as discussed previously will be

eliminated and the spectral estimate of the low pass response will be purely the result of

anti-aliasing filtering combined with any aliased spectra.  Fig 6.34 shows the response

from this stimulus over a ROI of 19.5 kHz to 23.5 kHz.  The Nyquist limit is identified on

the graph at 22.05 kHz (0.5 fs).  The response has fallen by around 3.3dB from the end of

the passband to the Nyquist limit.

Recording b)

This recording was used to establish by how much the power spectral response produced

by recording a) has been modified by aliasing.  The analysis established the roll off

response by incrementing a single pure tone at regular intervals over the spectral region of

approximately 19.5 kHz to 23.5 kHz.  Each incremented tone was present for the same

length of time, therefore using a Chirp-z transform to obtain a power spectral estimate and

averaging over the complete time of the test, produced an overall plot where each tone has

the correct spectral power relative to each other.  If the start frequency and incremental

step size of the tone has been chosen carefully, then for a particular base-band tone greater

than the Nyquist limit, its alias will not overlap on a tone that occurs below the Nyquist

limit.  Using the method described it is possible to graphically examine the extent of the

aliased components with respect to the known incremented signal due to the increased

amount of tones appearing within the region affected by aliased spectra.  Fig 6.35 shows

the results obtained from recording  b).  As a visual aid, the positions of spectral data

points are represented by circles.  A number of circles or spectral data points appear to

represent each tone position and this is due to the high number of transform points used in

Fig 6.34: Power spectrum
obtained from recording a).
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Fig 6.35: Power spectrum
obtained from recording b).

the Chirp z-transform 3.  The extent of the aliasing components is identified by the denser

area to the left of the Nyquist limit.  The base-band and 1st image can clearly be seen

crossing over at the Nyquist limit.  It is evident that within the passband of the recorder

<20 kHz the aliased components have been greatly reduced.

Recording a) simulated the response obtained from signal conditioning noise and

therefore includes the effects of aliased spectra.  From fig 6.34, the attenuation between the

passband and Nyquist level is around 3.3 dB.  The results from recording b) allows the

response to be examined without aliased components effecting the shape of the response

and it can be seen from fig 6.35 that the attenuation between the end of the passband and

Nyquist limit is very close to 6 dB.

The empirical evidence supports the theoretical argument that slope estimates will be

reduced by aliasing.  Examination of the results obtained from recording a) and recording

b) confirm that the slope value within the transition region of a recording is found to be

less than that predicted when the effects of aliasing are not taken into account.  The

hypothesis that there will be a 3 dB increase in noise power close to the Nyquist limit is

also supported by the results obtained.

6.7.3  How Aliasing Affects the Estimate

It has been found that aliasing will act to reduce the slope estimate.  The level of reduction

in the slope estimate is dependent on the response of the anti-aliasing filter.  As the

effective order of the original anti-aliasing filter is increased due to a copying process, the

aliased spectra introduced by a copy will be less than that of the original recording.

Therefore, the effect of aliased spectra is to reduce the copy slope estimate by a lesser

extent than the original slope estimate.  Alias components result in a difference between an

                                                          
3 A number of Chirp z coefficients cover the lobe of a single tone.
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original recording and a copy recording slope estimate that is less than if the slope estimate

is considered without aliasing.

6.8  Summary and Conclusions

The basic model introduced in chapters 3 and 4 presented a method of discriminating

between an original and a copied digital audio recording.  If the model is assumed without

error, the statistical results are shown to be without bias and with a variance that is

dependent only on the data size used for the analysis.

This chapter has presented the problems that may arise from the signals and

recording systems that produce inaccuracies in the initial model, resulting in potential bias

and increased variance in the overall slope estimate.

It has been shown that spectral leakage can effectively be eliminated by the

application of a high-pass filter and smearing can be reduced to insignificant levels by

having an appropriately high Fourier transform size.  These processes also eliminate the

need for the application of a specialised weighting window.

The errors introduced into the RDT slope estimate by contamination of the ROI as

a result of extraneous acoustic and electronic signals have been shown to be greatly

reduced or effectively eliminated by the introduction of further signal processing

techniques.  For low probability contaminants, it has been found that non-linear averaging

in the form of the log of the geometric mean can significantly improve the robustness of

the slope estimate.  To reduce the effects of high probability contaminants, application of a

simple extrapolation technique has been proposed.  Acoustic signal contamination over the

ROI will reduce as the sampling rate of a recording system increases.

Using a particular type of recording system, consideration has also been given to

additional uncertainties in the slope estimate due to inter-recorder and intra-recorder

variance.  The effects of intra-recorder variance are increased in a copying process.  It has

been found that copying a signal P times through the same low-pass filter, as might occur

in a copying process, increases the errors by a factor of root P.  This is in contrast to the

change in the magnitude transfer function, which is raised to the power P.  Therefore, in

the copy process it can be concluded that the increase in slope value due to the changes in

the transfer function is much greater than the relative increase in the variance due to filter

errors.

Additive noise introduced in a copying process may become significant if the

recording/playback levels are very low when producing the copy recording.  This can lead
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to a slope value that is consistent with that of an original recording when it is actually a

copy recording.  The higher the gain of the combined playback and copy recorder levels

the less effect additive noise has on the overall slope value of a copy recording.  Detection

of bias in the slope estimate due to additive noise may be achieved by the examination of

the frequency spectrum between the end of the ROI and the Nyquist limit.  In general, it

has been shown that the slope estimate has a good degree of robustness to additive noise.

Aliasing, which can be treated as an additive noise power acts to reduce the slope

estimate but to a lesser extent for a copy recording due to a greater attenuation over the

ROI.  In general the effects of aliasing on the slope estimate can be disregarded.

Overall, an improved model has been presented in this chapter to represent the

forensic recording, where solutions to reduce or eliminate errors in the estimated slope

value have been provided by further signal processing procedures.  The final overall signal

process is shown in fig 6.36, taking into account the ‘mean of log’ and extrapolation

techniques.
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